The problem of finite-thrust small spacecraft minimum-fuel heat rateconstrained aeroassisted orbital transfer between two low-Earth orbits with inclination change is considered. The trajectory design for a vehicle of small mass and moderate thrust is described in detail and the aeroassisted orbital transfer is posed as a nonlinear optimal control problem. The optimal control problem is solved using a previously developed open-source pseudospectral optimal control software. It is found for heating rate-unconstrained cases that the fuel consumption is insensitive to the number of atmospheric passes, whereas for heating rate-constrained cases the fuel consumption decreases as a function of the number of atmospheric passes. The key features of the optimal trajectories are identified. The result of this research demonstrates the efficiency of an aeroassisted orbital transfer as compared with an all-propulsive transfer and show the more realistic results obtained when compared with an aeroassisted orbital transfer where it is assumed that the thrust is impulsive. 
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It is well known that using aerodynamic force to transfer a spacecraft between two orbits can potentially reduce propellant consumption when compared with performing the orbital transfer using purely propulsive maneuvers. The use of aerodynamic force to perform an orbital transfer is generically called an aeroassisted orbital transfer, and the concept of an aeroassisted orbital transfer originates with the work of Ref. 1 . Aeroassisted orbital transfer maneuvers fall into the following categories: aerobrake, aerocapture, aeroglide, aerocruise, and aerogravity assist. An aerobrake is a purely aerodynamic maneuver where the atmosphere is used to reduce the size of the orbit. An aerocapture is an atmospheric maneuver that depletes a sufficient amount of energy to change the orbit from hyperbolic to elliptic relative to the centrally attracting body. An aeroglide typically combines unpowered atmospheric flight with powered exo-atmospheric flight to change the size, shape, and orientation of the orbit. An aerocruise is a maneuver that combines the use of atmospheric force with thrusting in the atmosphere. Finally, an aerogravity assist combines the atmosphere with propulsion and gravity to modify a hyperbolic orbit (that is, an aerogravity assist is an aerodynamically assisted planet swing-by).
Early work on aeroassisted orbital transfer for large spacecraft is summarized in the survey papers of Refs. 2 and 3. Since that time, a great deal more work has been done on the problem of aeroassisted orbital transfer and guidance for large spacecraft. While earlier work focused on orbital transfer of large spacecraft, in recent the use of small spacecraft has been recognized as a technology that than greatly increase the operational responsiveness of space. 18, 19 One way in which operational responsiveness can be improved is for small spacecraft to have the ability to perform crossrange maneuvers using aerodynamic force, that is, it is useful for a small spacecraft to have the ability to perform an aeroassisted orbital transfer. The use of atmospheric force can potentially enhance an on-orbit maneuver (for example, inclination change) while simultaneously lowering fuel consumption, thereby reducing the overall cost of a mission as compared to using an all-propulsive orbital transfer.
While the aforementioned research shows that large spacecraft aeroassisted orbital transfer has received a great deal of attention, significantly less attention has been paid to the problem of small spacecraft aeroassisted orbital transfer. One particular study of small spacecraft aeroassisted orbital transfer is the work of Ref. 20 . Specifically, Ref. 20 considers the problem of minimum-fuel heating rate-constrained aeroassisted orbital transfer under the assumption of impulsive thrust. Because propulsion system limitations on board a small spacecraft make the assumption of impulsive thrust unrealistic, in this research we consider the problem of moderate finite-thrust aeroassisted orbital transfer of a small spacecraft with a mass of approximately 1000 kg (see Refs. [20] [21] [22] [23] .
The objective of this paper is to gain a better understanding of the performance requirements and the structure of minimum-fuel trajectories for transferring a small spacecraft with moderate thrust capability between two low-Earth orbits with a constraint on heating rate and a change in inclination. The optimal aeroassisted orbital transfer problem is posed as a nonlinear multiple-phase optimal control problem, and the optimal control problem is solved via direct collocation using the Radau collocation hp-adaptive 24 version of the open-source optimal control software GPOPS. [25] [26] [27] The overall performance of the vehicle is analyzed as a function of the number of atmospheric passes, required inclination change, and maximum allowable heating rate. The results obtained in this study are also compared against a finitethrust all-propulsive orbital transfer. Finally, the key features of the structure of the optimal trajectories are described in detail.
This paper is organized as follows. In Section II we state the equations of motion and physical model for the vehicle under consideration in this study. In Section III we provide a detailed description of the problem formulation. In Section IV we describe the results of the numerical optimization study. Finally, in Section V we provide conclusions on our work.
II. Equations of Motion and Vehicle Model
Consider the motion of a vehicle modeled as a point mass over a spherical non-rotating Earth. The vehicle can be in either unpowered exo-atmospheric flight, powered exo-atmospheric flight or unpowered atmospheric flight. During unpowered or powered exo-atmospheric flight, the differential equations of motion are given as
where g = µ/r 2 . It is noted that during unpowered exo-atmospheric flight neither T nor (u 1 , u 2 , u 3 ) are included in the dynamics of Eq. (1). The equations of motion for the vehicle during unpowered atmospheric flight are given as
where q = ρv 2 /2 is the dynamic pressure, ρ = ρ 0 exp(−βh), Table 2 provides the physical constants and vehicle data used in this research, where the vehicle data in Table 2 represents a high lift-to-drag ratio moderate-thrust vehicle with aerodynamic characteristics similar to those found in Refs. 20 and 29. 
III. Problem Formulation
In this section we formulate the problem of transferring a small spacecraft, whose model is given in Section II, between two circular low-Earth orbits of the same size but with different inclination. During atmospheric flight it is assumed that the heating rate is constrained. The goal is to transfer the spacecraft from the initial orbit to the terminal orbit while minimizing the fuel consumption. In Section A we formulate the trajectory event sequence. In Section B we provide the initial and terminal conditions. In Section C we develop the interior-point constraints. In Section D we formulate the path constraints during flight. In Section E we develop the objective functional that is to be minimized. Finally, in Section F we state formally the multiple-phase optimal control problem that corresponds to the trajectory event sequence defined in Section A.
A. Trajectory Event Sequence
The trajectory event sequence for an n-pass transfer is given as follows. The orbital transfer starts with the following phase:
(i) a constant thrust powered exo-atmospheric flight phase that starts on the initial orbit and terminates at the altitude of the edge of the sensable atmosphere, h atm .
The following three phases and events are then repeated n − 1 times:
(ii) an atmospheric flight phase that starts and terminates at the altitude h atm ;
(iii) an unpowered exo-atmospheric flight phase that starts at the edge of the sensable atmosphere;
(iv) a constant thrust powered exo-atmospheric flight phase that terminates at the altitude h atm .
Finally, the trajectory event sequence terminates with the following three phases:
(v) an atmospheric flight phase that starts and terminates at the altitude h atm ;
(vi) an unpowered exo-atmospheric flight phase that starts at the altitude h atm and terminates at or prior to the terminal orbit;
(vii) a constant thrust powered exo-atmospheric flight phase that terminates at the terminal orbit.
B. Initial and Terminal Conditions
The initial conditions correspond to those of an equatorial circular orbit of altitude h 0 . This initial orbit is given in terms of orbital elements as
where the values for Ω(t 0 ), ω(t 0 ), and ν(t 0 ) are arbitrarily set to zero. The terminal conditions correspond to a circular orbit of altitude h f and are given as
where i f is the prescribed inclination of the terminal orbit. Because the terminal orbit is circular and no constraints are placed on the location of the spacecraft in the terminal orbit, the values Ω(t f ) and ω(t f ) are undefined while the value ν(t f ) is free.
C. Interior-Point Constraints
The following interior-point constraints are imposed during the orbital transfer. First, at all phase boundaries it is assumed that the time, state, and mass are continuous, that is,
where t − f and t + 0 correspond to the final time of a phase and the initial time of the ensuing phase. Next, in order to ensure that the vehicle is descending upon atmospheric entry, the following constraints are imposed at each atmospheric entry:
where t atm 0
is the time at the start of any atmospheric flight segment. Next, in order to ensure that the vehicle is ascending upon atmospheric exit, the following constraints are imposed at each atmospheric exit:
where t atm f is the time at the terminus of any atmospheric flight segment.
D. Path Constraints
The following constraint is imposed during atmospheric flight in order to ensure that the vehicle does not exit the atmosphere:
Furthermore, It is assumed during atmospheric flight that the coefficient of lift is constrained as 0 ≤ w
Next, it is assumed that the vehicle is heating rate-constrained during atmospheric flight. In this research the heating rate is modeled using the stagnation point heating rate model from Ref. 30 asQ
whereQ f is a positive constant and v c = µ/R e . The stagnation point heating rate constraint is then given as 0 ≤Q ≤Q max .
While in principle Eq. (11) can be implemented directly, it was found in Ref. 20 that it is more computationally tractable to constrain the natural logarithm of Eq. (11), that is,
Finally, during exo-atmospheric flight the only path constraint is that the thrust direction must be unit vector, that is,
E. Objective Functional
The objective of the optimal control problem is to minimize the fuel consumption during the transfer. This objective is stated equivalently as maximizing the mass at the final time, that is J = −m(t f ).
F. Optimal Control Problem
The optimal control problem corresponding to the multiple-pass aeroassisted orbital transfer problem described in Sections II and III is stated as follows. Determine the trajectory and control of the vehicle that follows the trajectory event sequence given in Section A while minimizing the objective functional of Eq. (14) and satisfying the dynamic constraints of Section II, the initial and terminal conditions of Section B, the interior-point constraints of Section C, and the path constraints of Section D. The optimal control aeroassisted orbital transfer problem was solved using the open-source optimal control software GPOPS 25 using the nonlinear programming problem solver SNOPT and the automatic differentiator INTLAB. All computations were performed using MATLAB-R2010b on a MacBook Pro 2.53 GHZ Core 2 Duo running Mac OS X 10.6.7.
IV. Results
The optimal control problem described in Section III was solved for n = (1, 2, 3) atmospheric passes with terminal inclinations i f = (20, 30, 40) deg and maximum allowable stagnation point heating ratesQ max = (∞, 600, 400, 200) W · cm −2 . The results are divided into two parts. First, the overall performance is described both with and without a constraint on the stagnation point heating rate, while the second set of results shows the structure of the heating rate-unconstrained and heating rate-constrained optimal trajectories. With regard to the overall performance, the aeroassisted orbital transfer is compared with an all-propulsive transfer (that is, a transfer where the atmosphere is not utilized but, instead, the orbit is changed using finite-thrust propulsion). The all-propulsive transfer consists of a constant thrust powered exo-atmospheric flight phase that starts on the initial orbit and terminates on the final orbit with the required inclination change. It is noted that the all-propulsive transfer was also solved using GPOPS.
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A. Performance Figure 1 shows the final mass fraction, m(t f )/m 0 , as a function of the number of atmospheric passes, n, and final inclination, i f , forQ max = (∞, 600, 400, 200) W/cm 2 , where n = 0 indicates the aforementioned all-propulsive transfer. It is seen from Fig. 1(a) that, for a fixed value of i f , the final mass fraction is essentially constant as a function of n when the heating rate is unconstrained. Moreover, examining the heating rate-constrained mass fractions as given in Figs. 1(b)-1(d) , it is seen that when the heating rate is constrained, less fuel is consumed using multiple atmospheric passes over using a single atmospheric pass. Moreoever, the benefit of using multiple atmospheric passes is approximately the same regardless of the value ofQ max . As a result, using multiple atmospheric passes has a slight but noticeable benefit over using a single atmospheric pass. In addition, Figs. 1(a)-1(d) show that m(t f )/m 0 decreases asQ max decreases, and this rate of decrease is essentially the same regardless of the value of i f . Finally, it is seen in all cases that the fuel consumed using the aeroassisted orbital transfer is significantly less than the fuel consumed using the all-propulsive (n = 0) transfer. Finally, Fig. 2 shows the total amount of inclination change performed by the atmosphere, ∆i atm , as a function ofQ max and i f . When the heating rate unconstrained, ∆i atm is essentially constant as a function of n. When the heating rate is constrained, however, ∆i atm increases slightly as n increases. Moreover, it is seen that the slope of ∆i atm as a function of n increases significantly as i f increases. As a result, it becomes much more beneficial to utilize the atmosphere for the cases where the heating rate is constrained and i f is large as compared to the cases where the heating rate is unconstrained or the heating rate is constrained but i f is small. 
B. Key Features of Optimal Trajectories
Solutions obtained for a single atmospheric pass (n = 1) with no constraint on heating rate are now examined. Figure 3(a) shows h vs. v during atmospheric flight for different values of i f , where it is seen that the speed at atmospheric entry is essentially the same regardless of the value of i f , while the speed at atmospheric exit decreases as i f increases. Next, Fig. 3(b) shows h vs. γ during atmospheric flight. While the flight path angle at atmospheric entry is essentially constant as a function of i f , the flight path angle at atmospheric exit increases moderately as a function of i f . The decrease in speed and increase in flight path angle at atmospheric exit are expected because use of the atmosphere increases as a function of i f and that requires the vehicle to dive more for larger i f . Moreover, examining, 3(c), that gives h vs.Q, shows that the maximum heating rate increases as i f increases, and it is noted thatQ is a maximum when h is a minimum. Next, Figs 
V. Conclusions
The problem of finite-thrust small spacecraft minimum-fuel heating rate-constrained aeroassisted orbital transfer between two low-Earth orbits with inclination change has been considered. The trajectory event sequence was described in detail for a vehicle with small mass and moderate thrust capability. The aeroassisted orbital transfer was then posed as a multiple-phase optimal control problem. The optimal control problem was then solved using an established open-source general-purpose optimal control software. The results of this study show that low-Earth orbital transfer of a small spacecraft with moderate thrust can be accomplished in a more fuel-efficient manner using an aeroassisted orbital transfer as compared to using an all-propulsive orbital transfer.
